MA2902 Fallstudien der Mathematischen Modellbildung

WiSe 23/24 Mathematical methods for inverse problems
Exercise 2
Ezercise 1. 1. Compute the singular value decomposition of (some of) the following matrices

(3 0> <1 1> 83 (101)
0 -2 00 0 0 010
3

2. With A = (1 :1,)), use the SVD of A to draw the set { € R?; |Az|, = 1}. How can you

determine the singular values and right singular vectors of A from this figure?
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2. We have ATA = { 160} diagonalisable with eigenvalues [16

1 1 1
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|Az|3 =1 < 4(u) 2)* +2(ug x)*> =1

2 and (normalized) eigen-

=UxU".
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In the basis (u1,uz), this is the equation of an ellipse of semi-axis 1/2 (along us) and 1/4
(along uy).
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Exercise 2. Let A € R™*™ and A = ULV T its singular value decomposition. We write u; and v;
the left and right singular vectors respectively, and o1 > ... > ¢, > 0 the non-zero singular values.

[Az]2
[EIP

1. We have seen that |A]22 := sup,._o

= 01. Show that

|Az]a

Op = 1mn
w€(Ker A)1\{0} |2

2. For k < r, we define
E
-
Ak = Zaiuivi 5
i=1

i.e. Ay = UXLVT, where ¥, is obtained from ¥ by setting o1 = ... = 0, = 0.
e Show that ”A - Ak “2’2 = Ok+1-

o Show that Ay actually minimizes |A — B|2,2 among all B € R™*™ such that rank B < k
(this result is known as the Eckart-Young-Mirsky theorem).

Solution.

1. We have, for any = € (Ker A) T,
|Az|3 = JUSV 2|3 =[SV Tz|?

s
= ZO’?<’U7;, ‘T>2
i=1

T
>07) (v, a)?
i=1

=o?|V'x|y (since z € (Ker A)", 2 € Span0(vy,...,v,))
= o, [z]2
2. e We have
|A = Apla2 = [UE = Zp)V a2
= |2 — k2
= | Diag(0,...,0%+1s--,0r,0,...)|2,2
= Ok+1

o Let B € R™*™ be of rank at most k. Let € Ker B N Span(vy,...,v541). Such a z
exists: since

dimKer B 4 dim Span(vy,...,v541) Z2n—k+k+1=n+1>n,
this implies that Ker B N Span(vy, ..., vk4+1) # {0}. Thus
r k+1
|Az — Ba|® = [Az|* =Y " of(vi, 2)> =Y of(vi, 2)* = o}y |2,
i=1 i=1

and therefore |A — B| > |A — Ag| for all B of rank at most k.



Ezercise 3. We define the circular convolution of ¢ € R™ and x € R™ as the vector (a *xx) € R"
whose entries are given by

Vke{l,....,n}, (ax*xz);:= Za[kﬂ‘]xi
i=1

where [i] =i (mod n). For a € R", let A: R" — R", z +— a * z.
1. Write the matrix of A.
2. Let F' € C™*™ be the DFT matrix, given by
2kl

n

Fkl:exp<— ), VOLEkI<n—1

. Show that
AF = F Diag(a),

where @ := Fa is the discrete Fourier transform of a. Deduce the singular values o; of A.

3. Let a = [1 -1 0 ... O] i Compute the condition number of A in that case.
Solution.
1. We have
ao Qp, ai
aq aq as
A= .
Ap—1 QAp—2 Qg
2. We have
e 2k
k=0
n—1 .
2 —k
5 e (22800
n
k=0
N n—1
_ 20m1) 2k
_exp< i ) Zakexp< )

hence Af; = a; f;, and AF = F Diag(a).

3. The matrix ﬁF is orthogonal (exercise), and we have

_ L 1
SV Vn

This does not give us the SVD of A since the coefficients nF'a are not real, but the singular
values are immediately deduced from the eigenvalues of AT A, i.e. o; = nla;|.

A F Diag(nFa)—=F".



4. With this particular example we have

k
ar =1 —exp (—2171'”) .

Hence |ay| is smallest and non-zero for k = 1/n (angle 0), and largest when k/n ~ 1/2 (angle
pi), more precisely when k = |n/2|. Therefore we have

|1 —exp (_21#[:/2]) |

w(A4) = |1 —exp (—227”) |

Note in particular that x(A) — oo if n — oo.

Ezercise 4 (Pseudo-inverse). Let A € R™*™ and A' its Moore-Penrose pseudo-inverse.

1. Check the identities
AtAAT = AT,

AATA = A,
2. Show that ATA and AA' are orthogonal projections on (Ker A)* and Ran A respectively.
Solution.
1. These relations are easily obtained using the singular value decomposition of A.
2.
|



